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The study of universal critical behavior is a crucial issue in a continuous phase transition, which groups
various critical phenomena into universality classes for revealing microscopic electronic behaviors. The un-
derstanding of the nature of magnetism in Eu-based ferromagnetic superconductors is largely impeded by the
infeasibility of performing inelastic neutron scattering measurements to deduce the microscopic magnetic be-
haviors and the effects on the superconductivity, due to the significant neutron absorption effect of natural
152Eu and unavailability of large single crystals. However, by systematically combining the neutron diffrac-
tion experiment, the first-principles calculations, and the quantum Monte Carlo simulations, we have obtained
a perfectly consistent universal critical exponent value of β = 0.385(13) experimentally and theoretically for
Eu(Fe0.75Ru0.25)2As2, from which the magnetism in the Eu-based ferromagnetic superconductors is identified
as the universal class of a three-dimensional anisotropic quantum Heisenberg model with long-range magnetic
exchange coupling. This study not only clarifies the nature of microscopic magnetic behaviors in the Eu-based
ferromagnetic superconductors, but also opens a new avenue of systemic methodology for studying the universal
critical behaviors associated with magnetic phase transitions in the area of magnetism and the spin fluctuations
effects on the unconventional superconductivity.
PACS numbers:
Introduction.—The continuous phase transition associated
symmetry breaking is one of the two central themes in Lan-
dau’s theory in condensed matter physics1. An order param-
eter is introduced to well describe the symmetry changing
across the boundaries in a phase transition. For instance, the
order parameter is the net magnetization in a ferromagnetic
system or the energy gap for Cooper pairs’ formation in a su-
perconductor undergoing a phase transition. Furthermore, the
universal critical exponents and scaling functions are used to
describe the behavior of physical quantities near continuous
phase transitions, which are independent of the microscopic
details of the systems, but only of some of their global prop-
erties, such as the space dimensionality, the range of inter-
action, and the symmetry of the order parameter. Unveiling
the universal critical exponents of phase transitions in uncon-
ventional superconductors associated with the magnetic phase
transition may shed light on the study of spin fluctuations ef-
fects on the superconducting mechanism.
In general, the ferromagnetism is incompatible with super-
conductivity for singlet pairing superconductors, since the su-
perconductivity is suppressed or quenched whenever ferro-
magnetism appears2. The intriguing coexistence of supercon-
ductivity and ferromagnetism in the Eu-based iron pnictides
upon chemical doping or applying external pressure attracted
enormous attentions3–7. One scenario to reach the compro-
mise between the two antagonistic phenomena is the forma-
tion of a spontaneous vortex state without applying an exter-
nal magnetic field8. Neutron diffraction experimentally con-
firmed the bulk nature of the ferromagnetism from Eu 4 f or-
bitals with an ordered moment of ∼ 7µB per Eu atom and
well suppressed antiferromagnetism of Fe 3d orbitals asso-
ciated with the bulk superconductivity9–11. Theoretically, the
indirect Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction
via the mediated itinerant electrons on Fe 3d orbitals is pro-
posed to be responsible for the ferromagnetism of the Eu sub-
lattice12,13. However, due to the infeasibility of performing
inelastic neutron scattering measurements on Eu-rich materi-
als with significant neutron absorptions of natural 152Eu, the
microscopic magnetic exchange couplings cannot be deter-
mined experimentally, which largely impeded the thorough
understanding of the magnetic behaviors of Eu 4 f electrons in
these ferromagnetic superconductors. Fortunately, the univer-
sal critical exponents provide an alternative to approach the
nature of ordered magnetism. Available experimental stud-
ies on Eu-based pnictides have obtained the same critical ex-
ponent β = 0.35 for EuFe2As214 and EuNi2As215, fitting
well into the universal class of three-dimensional isotropic
quantum Heisenberg model class16. In contrast, β = 0.32
was obtained for EuRh2As217, more consistent with a three-
dimensional Ising model (β = 0.326)16,18. Furthermore, to
the best of our knowledge, no studies on the critical behaviors
of Eu magnetism in the doping induced ferromagnetic super-
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FIG. 1: (Color online) (a) The illustration of crystal and magnetic structure for Eu(Fe0.75Ru0.25)2As2. (b) The temperature dependence of the
integrated intensity (solid spheres) and peak width (FWHM, open circles) of the (2, 2, 0)T nuclear reflection, respectively. Note that the slight
increase of integrated intensity below 20 K is due to the ferromagnetic ordering of Eu. The inset shows the normalized in-plane resistivity of
the Eu(Fe0.75Ru0.25)2As2 single crystal, in which no anomaly due to the structure phase transition and spin-density wave order is observed. (c)
Comparison between the observed and calculated integrated intensities of the unique reflections at 2 K.
conductors were performed yet, as the mostly used two meth-
ods to extract the critical exponents, either magnetometry or
calorimetry, do not apply due to the interference of supercon-
ductivity.
In this Rapid Communication, we have developed a sys-
tematic method of combining the neutron diffraction mea-
surements, the first-principles calculations, and the quantum
Monte Carlo simulations to study the universal critical behav-
iors associated with a magnetic phase transition. A neutron
diffraction experiment on Eu(Fe0.75Ru0.25)2As2, an isovalent
doped ferromagnetic superconductor, found the critical expo-
nent β = 0.386. Based on the first-principles calculations of
its electronic structure, we noticed that the occupied states of
Eu 4 f orbitals located well below the Fermi level, indicat-
ing the suitability of a localized anisotropic Heisenberg model
for describing the Eu-magnetism. Further applying a quan-
tum Monte Carlo algorithm and using the computed values of
magnetic exchange coupling, β = 0.386 was found theoreti-
cally, in excellent agreement with the value extracted experi-
mentally. The magnetism in the studied Eu-based ferromag-
netic superconductor is thus identified as the universal class
of three-dimensional anisotropic quantum Heisenberg model
with long-range magnetic exchange coupling. This finding
points out a suitable microscopic theoretical model for de-
scribing the nature of magnetism in the intriguing Eu-based
ferromagnetic superconductors.
Experimental results.—Single crystals of the Eu-based ma-
terial Eu(Fe1−xRux)2As2 (x = 0.25) were grown from self-
flux (Fe, Ru)As, and well characterized to be a ferromag-
netic superconductor by electric resistivity, magnetization and
Mo¨ssbauer measurements19. A single crystal with the mass ∼
5 mg and dimensions ∼ 3 × 2 × 0.2 mm3 from the same batch
was selected for the neutron diffraction experiment (see the
Supplemental Material16 for the experimental details), which
was performed on the four-circle thermal-neutron diffrac-
tometer D10 at the Institut LaueLangevin (Grenoble, France).
The crystal and magnetic structure of isovalent ruthenium
doped Eu(Fe0.75Ru0.25)2As2 at 2 K determined by neutron
diffraction is illustrated in Fig. 1(a). Since the parent com-
pound EuFe2As2 shows a spin-density wave (SDW) order in
the Fe sublattice accompanied by a structure phase transition
at 190 K20, we have tracked a strong nuclear reflection upon
cooling, which is sensitive to the tetragonal-orthorhombic
structure phase transition signaled by a sudden increase of its
intensity and broadening of its width7,9. Fig. 1(b) displays the
temperature dependence of the integrated intensity and the full
width at half maximum (FWHM) of the (2, 2, 0)T peak in the
tetragonal notation, respectively. It is shown that both of them
keep almost constant, indicating the structure phase transition
is fully suppressed by 25 % isovalent Ru doping. In addition,
no intensities were observed at the Q points with propaga-
tion vector ~k = (1/2, 1/2, 1)T even with the analyzer, exclud-
ing any residual Fe SDW order in this bulk superconductor.
The absence of both structure phase transition and SDW or-
der in Eu(Fe0.75Ru0.25)2As2 is consistent with the temperature
dependence of its in-plane electric resistivity shown in the in-
set of Fig. 1(b), in which no anomaly in addition to the sharp
superconducting transition at 24 K is observed.
The integrated intensities of 241 reflections at 30 K and
304 reflections at 2 K were collected, respectively, to deter-
mine the details of the ground-state ferromagnetic structure
of Eu(Fe0.75Ru0.25)2As2. After necessary absorption correc-
tions using the DATAP program21, the equivalent reflections
were merged into the unique ones based on the tetragonal
symmetry. At 30 K, which is above the magnetic ordering
temperature of Eu, the nuclear structure is refined using the
FULLPROF program within the I4/mmm space group22. The
occupancy of Ru was refined to be 22(5)%, consistent with
the value of 25% determined from the energy dispersive x-
ray spectroscopy19. At 2 K, additional intensities appear on
top of the nuclear reflections measured at 30 K, suggesting
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FIG. 2: (Color online) The temperature dependence of the integrated
intensity of the (1, 1, 0) reflection in the whole temperature region
(open squares) and critical region [filled circles, also shown in the
inset of (a) as enlarged plot], respectively. The vertical dashed line
marks the ferromagnetic ordering temperature of the Eu2+ moments.
The linear fitting (dashed line) to the magnetic intensity, IM(τ), in the
double logarithmic plot is shown in (b).
a magnetic propagation vector of ~k = 0 for the Eu sublat-
tice. According to the irreducible representation analysis23,
only ferromagnetic structures with the moments aligned along
the c-axis or in the ab plane are allowed for the Eu2+ spins
due to symmetry restriction. However, invariant integrated
intensities of the (0, 0, even) reflections at 2 K and 30 K
exclude the possibility of in-plane ferromagnetic alignment.
As shown in Fig. 1(c), adding a ferromagnetic Eu2+ moment
of 7.0(2) µB along the c-axis into the nuclear structure deter-
mined from 30 K yields a rather good fitting to the intensities
at 2 K. The parameters of the nuclear and magnetic structures
of Eu(Fe0.75Ru0.25)2As2 at 2 K determined by the refinements
are given in Table I.
Fig. 2 shows the temperature dependence of the integrated
intensity of the (1, 1, 0) reflection, from which the ferromag-
netic ordering temperature of the Eu2+ moments can be de-
termined to be TEu= 19.30(5) K. The excellent stability and
accuracy of temperature control within 0.05 K at the D10
diffractometer provides the unique chance to investigate the
critical behavior close to the ferromagnetic transition of Eu.
Although we can not observe the magnetic diffuse scattering
due to spin fluctuations above the transition temperature with
such a small single crystal, careful measurements of the inte-
grated intensity of from 17 K to 20 K with small temperature
steps [as shown in the inset of Fig. 2(a)] allows us to extract
TABLE I: Parameters of the nuclear and magnetic structures of
Eu(Fe0.75Ru0.25)2As2 at 2 K obtained from refinements of single-
crystal neutron diffraction data. The occupancy of Ru was refined to
be 22(5)%. [Space group: I4/mmm, a = 3.953(3)Å, c = 11.567(4)Å]
Atom/site x y z B (Å2)
Eu (2a) 0 0 0 0.07(4)
MEu= (Ma,Mb,Mc) = (0, 0, 7.0(2)) µB
Fe/Ru (4d) 0.5 0 0.25 0.10(4)
As (4e) 0 0 0.3617(3) 0.13(5)
the universal critical exponent β of the ferromagnetic phase
transition. After subtracting the nuclear contribution above
TEu, the magnetic diffraction intensity can be fitted using the
power law IM ∝ M2 ∝ τ2β, where M is the magnetic order
parameter and τ = TEu−TTEu . By linear fitting (dashed line) to
IM(τ) in the double logarithmic plot [Fig. 2(b)], the univer-
sal critical exponent β is deduced to be 0.385 ± 0.010, which
is significantly larger than that of β = 0.35 for EuFe2As214.
Since the Ru 4d orbitals are much more extended than the Fe
3d orbitals, the RKKY-type long-range coupling between Eu
atoms mediated by the Fe 3d electrons on FeAs layers may
get enhanced in Eu(Fe1−xRux)2As2 with Ru doping, resulting
in the enhancement of long-range magnetic coupling in Eu
layers. Furthermore, the three-dimensional isotropic quan-
tum Heisenberg model displays a smaller critical exponent
value of β = 0.36524. Thus, from the viewpoint of theory,
we expect that the relatively large universal critical exponent
β = 0.385(13) observed in the ferromagnetic superconduc-
tor Eu(Fe0.75Ru0.25)2As2 might suggest a strong anisotropy in
a three-dimensional quantum Heisenberg model with long-
range magnetic exchange coupling.
First-principles calculations.—Before evaluating numeri-
cally the universal critical exponent β for the ferromagnetic
superconductor Eu(Fe0.75Ru0.25)2As2, we have performed
first-principles calculations to establish a microscopic theo-
retical model for describing the Eu ferromagnetism. The
calculations were performed using the all-electron full po-
tential linear augmented plane wave plus local orbitals (FP-
LAPW+lo) method25 as implemented in the WIEN2K code26.
The exchange-correlation potential was calculated using the
generalized gradient approximation (GGA) as proposed by
Pedrew, Burke, and Ernzerhof27,28. We have included the
strong Coulomb repulsion in the Eu 4 f orbitals on a mean-
field level using the GGA +Ue f f approximation, applying the
atomic limit double-counting scheme. Throughout this Rapid
Communication, we have used a Ue f f of 8 eV, which is the
standard value for an Eu2+ ion12, while we did not apply Ue f f
to the itinerant Fe 3d orbitals. The results were also checked
for consistency with varying Ue f f values. In addition, the
spin-orbit coupling was also included with the second vari-
ational method in the Eu 4 f orbitals.
The calculated projected density of states on the orbitals of
Eu 4 f , Ru 4d, Fe 3d and As 4p for Eu(Fe0.75Ru0.25)2As2 are
shown in Fig. 3 based on the supercell method. Since the Eu
4 f orbitals are quite localized, the Eu ions are in a stable 2+
valence state with a half-filled 4 f shell, resulting in the ferro-
magnetic order of Eu2+ spins with the magnetic moment of 7
µB. As can be seen clearly in Fig. 3, the spin-up components
of Eu 4 f states are located lower than -2 eV below the Fermi
level, while the spin-down components are unoccupied and lo-
cated well above the Fermi level (larger than 10 eV). Near the
Fermi level, the main contribution for the electron conduction
comes from the Fe 3d and Ru 4d orbitals partially mediated
by the As 4p orbitals. These results are in good agreement
with the conclusions from neutron diffraction in this Rapid
Communication and previous first-principles calculations12.
Ascribing to the localized behaviours of Eu 4 f orbitals
in Eu(Fe0.75Ru0.25)2As2, we establish an effective localized
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-15.34818  0  0  0  0
-15.32097  0  0  0  0
-15.29376  0  0  0  0
-15.26654  0  0  0  0
-15.23933  0  0  0  0
-15.21212  0  0  0  0
-15.18491  0  0  0  0
-15.1577  0  0  0  0
-15.13049  0  0  0  0
-15.10328  0  0  0  0
-15.07607  0  0  0  0
-15.04885  0  0  0  0
-15.02164  0  0  0  0
-14.99443  0  0  0  0
-14.96722  0  0  0  0
-14.94001  0  0  0  0
-14.9128  0  0  0  0
-14.88558  0  0  0  0
-14.85837  0  0  0  0
-14.83116  0  0  0  0
-14.80395  0  0  0  0
-14.77674  0  0  0  0
-14.74953  0  0  0  0
-14.72232  0  0  0  0
-14.69511  0  0  0  0
-14.66789  0  0  0  0
-14.64068  0  0  0  0
-14.61347  0  0  0  0
-14.58626  0  0  0  0
-14.55905  0  0  0  0
-14.53184  0  0  0  0
-14.50463  0  0  0  0
-14.47741  0  0  0  0
-14.4502  0  0  0  0
-14.42299  0  0  0  0
-14.39578  0  0  0  0
-14.36857  0  0  0  0
-14.34136  0  0  0  0
-14.31415  0  0  0  0
-14.28694  0  0  0  0
-14.25972  0  0  0  0
-14.23251  0  0  0  0
-14.2053  0  0  0  0
-14.17809  0  0  0  0
-14.15088  0  0  0  0
-14.12367  0  0  0  0
-14.09645  0  0  0  0
-14.06924  0  0  0  0
-14.04203  0  0  0  0
-14.01482  0  0  0  0
-13.98761  0  0  0  0
-13.9604  0  0  0  0
-13.93319  0  0  0  0
-13.90597  0  0  0  0
-13.87876  0  0  0  0
-13.85155  0  0  0  0
-13.82434  0  0  0  0
-13.79713  0  0  0  0
-13.76992  0  0  0  0
-13.74271  0  0  0  0
-13.7155  0  0  0  0
-13.68828  0  0  0  0
-13.66107  0  0  0  0
-13.63386  0  0  0  0
-13.60665  0  0  0  0
-13.57944  0  0  0  0
-13.55223  0  0  0  0
-13.52502  0  0  0  0
-13.4978  0  0  0  0
-13.47059  0  0  0  0
-13.44338  0  0  0  0
-13.41617  0  0  0  0
-13.38896  0  0  0  0
-13.36175  0  0  0  0
-13.33454  0  0  0  0
-13.30733  0  0  0  0
-13.28011  0  0  0  0
-13.2529  0  0  0  0
-13.22569  0  0  0  0
-13.19848  0  0  0  0
-13.17127  0  0  0  0
-13.14406  0  0  0  0
-13.11684  0  0  0  0
-13.08963  0  0  0  0
-13.06242  0  0  0  0
-13.03521  0  0  0  0
-13.008  0  0  0  0
-12.98079  0  0  0  0
-12.95358  0  0  0  0
-12.92637  0  0  0  0
-12.89915  0  0  0  0
-12.87194  0  0  0  0
-12.84473  0  0  0  0
-12.81752  0  0  0  0
-12.79031  0  0  0  0
-12.7631  0  0  0  0
-12.73588  0  5E-7  5.9E-7  1.08E-6
-12.70867  2E-8  6.96E-6  8.08E-6  1.488E-5
-12.68146  1.8E-7  3.874E-5  4.508E-5  8.194E-5
-12.65425  6.2E-7  1.0693E-4  1.2496E-4  2.2114E-4
-12.62704  1.5E-6  1.9268E-4  2.2659E-4  3.8464E-4
-12.59983  2.86E-6  2.9141E-4  3.4503E-4  5.5912E-4
-12.57262  4.66E-6  4.1112E-4  4.8946E-4  7.6028E-4
-12.54541  6.62E-6  5.4367E-4  6.4557E-4  9.6502E-4
-12.51819  8.36E-6  6.7095E-4  7.8445E-4  0.00113
-12.49098  9.92E-6  7.8738E-4  8.9984E-4  0.00125
-12.46377  1.144E-5  8.8991E-4  9.9171E-4  0.00132
-12.43656  1.314E-5  9.8534E-4  0.00107  0.00136
-12.40935  1.524E-5  0.0011  0.00116  0.00142
-12.38214  1.772E-5  0.00124  0.00128  0.0015
-12.35493  2.04E-5  0.0014  0.00142  0.00159
-12.32771  2.318E-5  0.00159  0.00158  0.0017
-12.3005  2.638E-5  0.00186  0.00183  0.00187
-12.27329  3.02E-5  0.00222  0.00219  0.00213
-12.24608  3.452E-5  0.00261  0.00257  0.00238
-12.21887  3.948E-5  0.003  0.00296  0.00263
-12.19166  4.488E-5  0.00339  0.00336  0.00287
-12.16445  5.044E-5  0.00377  0.00373  0.00308
-12.13723  5.646E-5  0.00419  0.00414  0.00331
-12.11002  6.318E-5  0.00464  0.0046  0.00356
-12.08281  7.072E-5  0.00515  0.00513  0.00386
-12.0556  7.918E-5  0.00572  0.00573  0.00418
-12.02839  8.886E-5  0.00637  0.00641  0.00457
-12.00118  1.0086E-4  0.00717  0.00727  0.00512
-11.97397  1.148E-4  0.0081  0.0083  0.00579
-11.94675  1.2704E-4  0.00896  0.00924  0.00627
-11.91954  1.3666E-4  0.00971  0.01003  0.00647
-11.89233  1.462E-4  0.01047  0.01084  0.00658
-11.86512  1.572E-4  0.01135  0.01176  0.00671
-11.83791  1.6958E-4  0.01235  0.0128  0.00685
-11.8107  1.8318E-4  0.01346  0.01395  0.00698
-11.78349  1.9874E-4  0.01473  0.01527  0.00713
-11.75628  2.1704E-4  0.01627  0.01683  0.00729
-11.72906  2.3782E-4  0.01809  0.01862  0.00746
-11.70185  2.6046E-4  0.02018  0.02063  0.00759
-11.67464  2.8464E-4  0.02253  0.02287  0.00766
-11.64743  3.1048E-4  0.02529  0.02551  0.00772
-11.62022  3.4206E-4  0.02924  0.02934  0.00789
-11.59301  3.9786E-4  0.0365  0.03585  0.00846
-11.56579  5.192E-4  0.05091  0.04728  0.00995
-11.53858  6.726E-4  0.06901  0.06146  0.01156
-11.51137  7.3536E-4  0.07939  0.07202  0.01131
-11.48416  7.3018E-4  0.08645  0.08226  0.00999
-11.45695  7.6822E-4  0.10214  0.09846  0.00922
-11.42974  9.5154E-4  0.13672  0.12697  0.00931
-11.40253  0.00107  0.15914  0.14246  0.00906
-11.37531  7.7554E-4  0.11879  0.10408  0.0071
-11.3481  4.3722E-4  0.07114  0.05989  0.00582
-11.32089  3.7832E-4  0.06221  0.05051  0.00717
-11.29368  4.7816E-4  0.07545  0.06538  0.01144
-11.26647  6.4258E-4  0.09879  0.10008  0.01995
-11.23926  7.6056E-4  0.11187  0.12581  0.02653
-11.21205  6.9182E-4  0.08887  0.10073  0.02155
-11.18484  5.6578E-4  0.05592  0.06309  0.0136
-11.15762  5.0222E-4  0.03649  0.04448  0.00974
-11.13041  4.8268E-4  0.02636  0.03817  0.00825
-11.1032  5.0032E-4  0.0208  0.04203  0.00815
-11.07599  5.5726E-4  0.01821  0.05428  0.00908
-11.04878  6.2174E-4  0.01699  0.06406  0.00974
-11.02157  6.8218E-4  0.01634  0.069  0.00981
-10.99436  7.6332E-4  0.01653  0.07587  0.01002
-10.96714  8.887E-4  0.01798  0.08959  0.0108
-10.93993  0.00109  0.02163  0.11522  0.01257
-10.91272  0.00144  0.02918  0.15881  0.01592
-10.88551  0.00188  0.03929  0.20455  0.01965
-10.8583  0.00226  0.04785  0.22405  0.0213
-10.83109  0.00253  0.05425  0.22114  0.02112
-10.80388  0.00253  0.05485  0.19438  0.01888
-10.77666  0.00222  0.04503  0.14276  0.01438
-10.74945  0.00166  0.02843  0.08494  0.00901
-10.72224  9.2066E-4  0.01337  0.03909  0.00431
-10.69503  3.1184E-4  0.00418  0.01205  0.00135
-10.66782  5.298E-5  6.8916E-4  0.00197  2.2026E-4
-10.64061  3.66E-6  4.735E-5  1.3429E-4  1.496E-5
-10.6134  0  0  0  0
-10.58618  0  0  0  0
-10.55897  0  0  0  0
-10.53176  0  0  0  0
-10.50455  0  0  0  0
-10.47734  0  0  0  0
-10.45013  0  0  0  0
-10.42292  0  0  0  0
-10.39571  0  0  0  0
-10.36849  0  0  0  0
-10.34128  0  0  0  0
-10.31407  0  0  0  0
-10.28686  0  0  0  0
-10.25965  0  0  0  0
-10.23244  0  0  0  0
-10.20522  0  0  0  0
-10.17801  0  0  0  0
-10.1508  0  0  0  0
-10.12359  0  0  0  0
-10.09638  0  0  0  0
-10.06917  0  0  0  0
-10.04196  0  0  0  0
-10.01475  0  0  0  0
-9.98753  0  0  0  0
-9.96032  0  0  0  0
-9.93311  0  0  0  0
-9.9059  0  0  0  0
-9.87869  0  0  0  0
-9.85148  0  0  0  0
-9.82427  0  0  0  0
-9.79705  0  0  0  0
-9.76984  0  0  0  0
-9.74263  0  0  0  0
-9.71542  0  0  0  0
-9.68821  0  0  0  0
-9.661  0  0  0  0
-9.63379  0  0  0  0
-9.60657  0  0  0  0
-9.57936  0  0  0  0
-9.55215  0  0  0  0
-9.52494  0  0  0  0
-9.49773  0  0  0  0
-9.47052  0  0  0  0
-9.44331  0  0  0  0
-9.4161  0  0  0  0
-9.38888  0  0  0  0
-9.36167  0  0  0  0
-9.33446  0  0  0  0
-9.30725  0  0  0  0
-9.28004  0  0  0  0
-9.25283  0  0  0  0
-9.22561  0  0  0  0
-9.1984  0  0  0  0
-9.17119  0  0  0  0
-9.14398  0  0  0  0
-9.11677  0  0  0  0
-9.08956  0  0  0  0
-9.06235  0  0  0  0
-9.03514  0  0  0  0
-9.00792  0  0  0  0
-8.98071  0  0  0  0
-8.9535  0  0  0  0
-8.92629  0  0  0  0
-8.89908  0  0  0  0
-8.87187  0  0  0  0
-8.84466  0  0  0  0
-8.81744  0  0  0  0
-8.79023  0  0  0  0
-8.76302  0  0  0  0
-8.73581  0  0  0  0
-8.7086  0  0  0  0
-8.68139  0  0  0  0
-8.65418  0  0  0  0
-8.62696  0  0  0  0
-8.59975  0  0  0  0
-8.57254  0  0  0  0
-8.54533  0  0  0  0
-8.51812  0  0  0  0
-8.49091  0  0  0  0
-8.4637  0  0  0  0
-8.43648  0  0  0  0
-8.40927  0  0  0  0
-8.38206  0  0  0  0
-8.35485  0  0  0  0
-8.32764  0  0  0  0
-8.30043  0  0  0  0
-8.27322  0  0  0  0
-8.24601  0  0  0  0
-8.21879  0  0  0  0
-8.19158  0  0  0  0
-8.16437  0  0  0  0
-8.13716  0  0  0  0
-8.10995  0  0  0  0
-8.08274  0  0  0  0
-8.05552  0  0  0  0
-8.02831  0  0  0  0
-8.0011  0  0  0  0
-7.97389  0  0  0  0
-7.94668  0  0  0  0
-7.91947  0  0  0  0
-7.89226  0  0  0  0
-7.86505  0  0  0  0
-7.83783  0  0  0  0
-7.81062  0  0  0  0
-7.78341  0  0  0  0
-7.7562  0  0  0  0
-7.72899  0  0  0  0
-7.70178  0  0  0  0
-7.67457  0  0  0  0
-7.64735  0  0  0  0
-7.62014  0  0  0  0
-7.59293  0  0  0  0
-7.56572  0  0  0  0
-7.53851  0  0  0  0
-7.5113  0  0  0  0
-7.48409  0  0  0  0
-7.45687  0  0  0  0
-7.42966  0  0  0  0
-7.40245  0  0  0  0
-7.37524  0  0  0  0
-7.34803  0  0  0  0
-7.32082  0  0  0  0
-7.29361  0  0  0  0
-7.26639  0  0  0  0
-7.23918  0  0  0  0
-7.21197  0  0  0  0
-7.18476  0  0  0  0
-7.15755  0  0  0  0
-7.13034  0  0  0  0
-7.10313  0  0  0  0
-7.07591  0  0  0  0
-7.0487  0  0  0  0
-7.02149  0  0  0  0
-6.99428  0  0  0  0
-6.96707  0  0  0  0
-6.93986  0  0  0  0
-6.91265  0  0  0  0
-6.88543  0  0  0  0
-6.85822  0  0  0  0
-6.83101  0  0  0  0
-6.8038  0  0  0  0
-6.77659  0  0  0  0
-6.74938  0  0  0  0
-6.72217  0  0  0  0
-6.69495  0  0  0  0
-6.66774  0  0  0  0
-6.64053  0  0  0  0
-6.61332  0  0  0  0
-6.58611  0  0  0  0
-6.5589  0  0  0  0
-6.53169  0  0  0  0
-6.50448  0  0  0  0
-6.47726  0  0  0  0
-6.45005  0  0  0  0
-6.42284  0  0  0  0
-6.39563  0  0  0  0
-6.36842  0  0  0  0
-6.34121  0  0  0  0
-6.314  0  0  0  0
-6.28678  0  0  0  0
-6.25957  0  0  0  0
-6.23236  0  0  0  0
-6.20515  0  0  0  0
-6.17794  0  0  0  0
-6.15073  0  0  0  0
-6.12352  0  8E-8  1E-8  2.2E-7
-6.0963  0  1.17E-6  1.8E-7  3.16E-6
-6.06909  3.4E-7  2.3494E-4  4.51E-6  2.347E-4
-6.04188  4.7E-6  0.00307  5.169E-5  0.00296
-6.01467  2.522E-5  0.01618  2.8072E-4  0.01548
-5.98746  6.452E-5  0.04007  7.8741E-4  0.03835
-5.96025  1.0268E-4  0.0603  0.00146  0.05792
-5.93304  1.3318E-4  0.07289  0.00225  0.07045
-5.90583  1.5818E-4  0.08088  0.00344  0.07945
-5.87861  1.7758E-4  0.08576  0.006  0.08845
-5.8514  1.9652E-4  0.09058  0.01023  0.10089
-5.82419  2.177E-4  0.09575  0.0146  0.11378
-5.79698  2.4342E-4  0.10168  0.01876  0.12662
-5.76977  2.766E-4  0.10949  0.02334  0.14154
-5.74256  3.1602E-4  0.11845  0.0284  0.1578
-5.71535  3.5992E-4  0.1278  0.03414  0.17505
-5.68813  4.0616E-4  0.13685  0.04056  0.19338
-5.66092  4.4902E-4  0.14357  0.0464  0.20955
-5.63371  4.874E-4  0.14779  0.05133  0.22268
-5.6065  5.2552E-4  0.15112  0.05587  0.23515
-5.57929  5.7202E-4  0.15587  0.0605  0.25124
-5.55208  6.3446E-4  0.16387  0.06579  0.27515
-5.52486  7.068E-4  0.17376  0.072  0.30657
-5.49765  7.8562E-4  0.18512  0.07973  0.34833
-5.47044  8.7584E-4  0.20061  0.09191  0.40167
-5.44323  9.7422E-4  0.22009  0.10974  0.45292
-5.41602  0.00106  0.23555  0.12705  0.48424
-5.38881  0.00109  0.23975  0.13978  0.49333
-5.3616  0.00114  0.24042  0.15889  0.52715
-5.33438  0.00122  0.24545  0.18632  0.59625
-5.30717  0.00131  0.25149  0.20846  0.6504
-5.27996  0.00142  0.25269  0.23317  0.7064
-5.25275  0.00164  0.24945  0.27863  0.80978
-5.22554  0.00193  0.24348  0.33918  0.93808
-5.19833  0.00203  0.23367  0.36753  0.98472
-5.17112  0.00197  0.2269  0.35865  0.9515
-5.14391  0.00191  0.22282  0.34316  0.90509
-5.11669  0.00187  0.21184  0.33135  0.86418
-5.08948  0.00181  0.19562  0.31352  0.8131
-5.06227  0.00169  0.17896  0.28335  0.73786
-5.03506  0.00158  0.16364  0.25719  0.66736
-5.00785  0.00153  0.15009  0.2403  0.61436
-4.98064  0.00151  0.13762  0.2265  0.56977
-4.95343  0.00151  0.12802  0.21574  0.53691
-4.92621  0.00155  0.12585  0.21011  0.52369
-4.899  0.00163  0.1407  0.2118  0.54113
-4.87179  0.00179  0.18656  0.22734  0.61185
-4.84458  0.00206  0.2633  0.25674  0.73393
-4.81737  0.00238  0.36132  0.29386  0.86686
-4.79016  0.00271  0.48156  0.339  0.98622
-4.76295  0.00295  0.57778  0.37264  1.06145
-4.73573  0.00281  0.55994  0.34936  0.99269
-4.70852  0.00239  0.46562  0.28746  0.82064
-4.68131  0.00198  0.37518  0.23046  0.65712
-4.6541  0.00169  0.31583  0.19465  0.54706
-4.62689  0.00148  0.27919  0.1744  0.47394
-4.59968  0.00135  0.262  0.16607  0.43304
-4.57247  0.00132  0.26311  0.16907  0.42611
-4.54526  0.00133  0.27282  0.17754  0.43151
-4.51804  0.00127  0.27563  0.1814  0.41511
-4.49083  0.00112  0.25592  0.17554  0.36387
-4.46362  9.3998E-4  0.21735  0.16379  0.29776
-4.43641  8.2074E-4  0.18438  0.15331  0.25048
-4.4092  7.5748E-4  0.1604  0.14443  0.22286
-4.38199  7.9144E-4  0.18189  0.15003  0.23231
-4.35478  0.00114  0.37601  0.21017  0.35384
-4.32756  0.00175  0.7016  0.31236  0.56185
-4.30035  0.00216  0.89567  0.37815  0.70699
-4.27314  0.00222  0.86849  0.37381  0.73659
-4.24593  0.00203  0.70168  0.3178  0.68932
-4.21872  0.00221  0.69385  0.318  0.74194
-4.19151  0.00295  0.90758  0.42503  0.9557
-4.1643  0.00354  1.05895  0.52773  1.13298
-4.13708  0.0035  1.05392  0.51998  1.13877
-4.10987  0.00317  0.98628  0.46128  1.05783
-4.08266  0.00278  0.83865  0.40629  0.94689
-4.05545  0.00271  0.75941  0.38687  0.93707
-4.02824  0.00296  0.8054  0.40179  1.03144
-4.00103  0.00302  0.83329  0.41916  1.10054
-3.97382  0.00309  0.85629  0.45385  1.2201
-3.9466  0.00324  0.8781  0.48978  1.34626
-3.91939  0.00311  0.83163  0.46869  1.32142
-3.89218  0.00277  0.7642  0.43548  1.31477
-3.86497  0.00269  0.71698  0.45774  1.35431
-3.83776  0.00286  0.70148  0.48987  1.2872
-3.81055  0.00298  0.72594  0.48618  1.17133
-3.78334  0.00277  0.71257  0.42353  1.031
-3.75612  0.00222  0.60383  0.31447  0.82322
-3.72891  0.00181  0.50868  0.24184  0.67639
-3.7017  0.00168  0.48239  0.2274  0.6346
-3.67449  0.00168  0.4963  0.24872  0.64565
-3.64728  0.00179  0.54087  0.31192  0.69754
-3.62007  0.00202  0.62067  0.42192  0.79706
-3.59286  0.00226  0.66468  0.50802  0.86442
-3.56564  0.00227  0.57818  0.47846  0.78889
-3.53843  0.00213  0.45164  0.37846  0.66149
-3.51122  0.00209  0.39805  0.33394  0.62222
-3.48401  0.00225  0.4062  0.37376  0.67295
-3.4568  0.00266  0.44699  0.49227  0.78766
-3.42959  0.00327  0.50457  0.71218  0.97024
-3.40238  0.00402  0.5598  1.08116  1.26161
-3.37516  0.00431  0.54146  1.31643  1.39763
-3.34795  0.00374  0.41813  1.13222  1.08744
-3.32074  0.00382  0.34706  1.18028  0.89531
-3.29353  0.005  0.388  1.74603  1.14968
-3.26632  0.00629  0.47428  2.39986  1.62017
-3.23911  0.00717  0.68187  2.81171  2.05206
-3.2119  0.00753  1.36632  3.12346  2.19427
-3.18468  0.00756  1.8976  3.26012  2.12209
-3.15747  0.00755  1.25137  2.79189  2.09282
-3.13026  0.00757  0.5628  2.25042  1.98017
-3.10305  0.00722  0.43315  1.9525  1.74595
-3.07584  0.00621  0.40593  1.62574  1.40218
-3.04863  0.00502  0.31534  1.21438  1.00781
-3.02142  0.00456  0.24642  0.99702  0.81544
-2.99421  0.00442  0.22057  0.92801  0.78123
-2.96699  0.00468  0.22488  0.97505  0.82485
-2.93978  0.00507  0.23755  1.01874  0.84198
-2.91257  0.00505  0.23292  0.91632  0.74629
-2.88536  0.00469  0.21388  0.73588  0.58989
-2.85815  0.00455  0.20973  0.66155  0.5056
-2.83094  0.00473  0.229  0.75341  0.55006
-2.80373  0.005  0.26174  0.93268  0.67116
-2.77651  0.00566  0.31697  1.16276  0.83853
-2.7493  0.00696  0.39847  1.47559  1.07558
-2.72209  0.00767  0.45613  1.63637  1.17157
-2.69488  0.00686  0.45014  1.4412  0.9635
-2.66767  0.0063  0.42753  1.24324  0.83453
-2.64046  0.00644  0.42747  1.1809  0.85273
-2.61325  0.00643  0.45797  1.13516  0.79727
-2.58603  0.00721  0.5422  1.14841  0.73639
-2.55882  0.01124  0.5721  1.08721  0.59311
-2.53161  0.02453  0.47241  0.96866  0.43532
-2.5044  0.03861  0.48185  1.15506  0.45018
-2.47719  0.03367  0.56606  1.43774  0.52633
-2.44998  0.02225  0.49166  1.16921  0.39584
-2.42277  0.01957  0.52416  0.9248  0.24951
-2.39555  0.02437  0.71484  0.98501  0.20156
-2.36834  0.0365  0.8362  1.04326  0.1738
-2.34113  0.04947  0.80572  1.05757  0.16536
-2.31392  0.05234  0.72528  1.07445  0.16697
-2.28671  0.05181  0.71951  1.10598  0.16379
-2.2595  0.05215  0.7012  0.99269  0.13486
-2.23229  0.04639  0.61048  0.88325  0.1101
-2.20508  0.04365  0.46716  0.95297  0.09392
-2.17786  0.06372  0.33689  1.05955  0.06902
-2.15065  0.08912  0.31745  1.10966  0.05791
-2.12344  0.09687  0.33283  1.25469  0.05901
-2.09623  0.0974  0.25843  1.32389  0.05039
-2.06902  0.08027  0.19892  1.2945  0.048
-2.04181  0.05352  0.22517  1.18357  0.05916
-2.0146  0.04227  0.28495  1.46381  0.07236
-1.98738  0.04158  0.35602  1.9258  0.08141
-1.96017  0.03994  0.42828  1.85185  0.08381
-1.93296  0.03215  0.46285  1.55327  0.08923
-1.90575  0.02089  0.42444  1.43202  0.0896
-1.87854  0.01279  0.41657  1.48049  0.08177
-1.85133  0.00902  0.49789  1.87715  0.08437
-1.82412  0.00725  0.62241  2.19464  0.09713
-1.7969  0.00576  0.7298  2.05506  0.11202
-1.76969  0.00466  0.78251  1.94373  0.12715
-1.74248  0.00384  0.75829  1.91785  0.12021
-1.71527  0.00327  0.68594  1.92931  0.09572
-1.68806  0.0033  0.66113  2.28239  0.08405
-1.66085  0.00353  0.67973  2.82797  0.08569
-1.63364  0.00353  0.67972  3.07195  0.0873
-1.60642  0.00327  0.64485  2.95615  0.08815
-1.57921  0.00299  0.58525  2.68562  0.08955
-1.552  0.00296  0.57377  2.46237  0.09142
-1.52479  0.00319  0.63559  2.61796  0.10136
-1.49758  0.00338  0.71515  2.875  0.11331
-1.47037  0.00341  0.76626  2.77862  0.11512
-1.44316  0.00343  0.80131  2.59749  0.11342
-1.41594  0.00348  0.82477  2.45641  0.11225
-1.38873  0.00366  0.87796  2.39276  0.11466
-1.36152  0.004  0.99441  2.41249  0.12266
-1.33431  0.0042  1.07144  2.39037  0.1261
-1.3071  0.00405  1.0338  2.31306  0.11977
-1.27989  0.00382  0.95773  2.25168  0.1115
-1.25268  0.00355  0.83767  2.18717  0.10195
-1.22546  0.00334  0.71389  2.1497  0.09718
-1.19825  0.00338  0.66042  2.20895  0.10255
-1.17104  0.00361  0.66592  2.35607  0.11451
-1.14383  0.00386  0.69426  2.49138  0.12762
-1.11662  0.00401  0.72022  2.53698  0.13569
-1.08941  0.00408  0.72822  2.578  0.13456
-1.0622  0.00424  0.76267  2.80317  0.13086
-1.03498  0.0046  0.81786  3.21312  0.12935
-1.00777  0.0047  0.77341  3.37206  0.12123
-0.98056  0.00439  0.64989  3.24788  0.10707
-0.95335  0.00428  0.56751  3.2908  0.10364
-0.92614  0.00436  0.53106  3.38673  0.11934
-0.89893  0.00461  0.5203  3.50245  0.15467
-0.87172  0.00517  0.53033  3.99244  0.19289
-0.8445  0.00561  0.53067  4.58161  0.20617
-0.81729  0.00578  0.52424  5.03038  0.19783
-0.79008  0.0058  0.53617  5.52804  0.18813
-0.76287  0.00551  0.55061  5.90201  0.1797
-0.73566  0.00487  0.53637  5.72209  0.16437
-0.70845  0.00415  0.52685  5.28608  0.15005
-0.68124  0.00388  0.57841  5.41153  0.154
-0.65403  0.00405  0.65979  6.12023  0.16728
-0.62681  0.00404  0.67322  6.4104  0.16502
-0.5996  0.00403  0.64782  6.2268  0.16475
-0.57239  0.00451  0.67625  6.33613  0.18858
-0.54518  0.00516  0.75117  6.70585  0.21859
-0.51797  0.00524  0.79613  6.71369  0.22253
-0.49076  0.00459  0.78147  6.23183  0.19383
-0.46354  0.00415  0.77833  6.08529  0.17475
-0.43633  0.00434  0.81374  6.60631  0.18766
-0.40912  0.00484  0.83435  7.35472  0.21768
-0.38191  0.0051  0.78702  7.55373  0.23391
-0.3547  0.00489  0.68403  6.73642  0.22585
-0.32749  0.00426  0.56494  5.2723  0.19591
-0.30028  0.00338  0.46954  4.09921  0.14693
-0.27307  0.00282  0.42524  3.55818  0.11497
-0.24585  0.00264  0.41181  3.34046  0.10672
-0.21864  0.00259  0.40535  3.21467  0.10584
-0.19143  0.00258  0.39733  3.12896  0.10712
-0.16422  0.00261  0.38791  3.06875  0.11017
-0.13701  0.00265  0.37941  2.99591  0.11426
-0.1098  0.0027  0.37245  2.87095  0.11816
-0.08259  0.00275  0.36636  2.65769  0.12079
-0.05537  0.00278  0.36011  2.35959  0.12161
-0.02816  0.00279  0.35339  2.083  0.12123
-9.5E-4  0.00283  0.34442  1.89609  0.12164
0.02626  0.00289  0.3304  1.77217  0.12331
0.05347  0.00295  0.31124  1.66384  0.1248
0.08068  0.00301  0.28745  1.5461  0.12611
0.10789  0.00307  0.26072  1.43488  0.12757
0.1351  0.00312  0.2402  1.35775  0.12876
0.16232  0.0032  0.2293  1.32036  0.13059
0.18953  0.00344  0.23239  1.3555  0.13699
0.21674  0.00389  0.25032  1.48481  0.14754
0.24395  0.00421  0.25871  1.57538  0.14998
0.27116  0.0041  0.23657  1.48372  0.13937
0.29837  0.00391  0.21081  1.34816  0.13073
0.32559  0.00383  0.19791  1.26427  0.12918
0.3528  0.00379  0.19174  1.20713  0.13009
0.38001  0.00382  0.18902  1.17048  0.13209
0.40722  0.0039  0.18833  1.14983  0.13494
0.43443  0.00403  0.18902  1.14143  0.13857
0.46164  0.0042  0.19309  1.15876  0.14421
0.48885  0.00444  0.19955  1.19325  0.15116
0.51606  0.00467  0.20176  1.20011  0.15567
0.54328  0.00474  0.19643  1.16235  0.15626
0.57049  0.00463  0.18563  1.10737  0.15453
0.5977  0.00464  0.18069  1.19391  0.15947
0.62491  0.00508  0.19294  1.70326  0.18456
0.65212  0.00563  0.20855  2.27951  0.21465
0.67933  0.00559  0.19953  2.19045  0.21629
0.70654  0.0053  0.18155  1.94871  0.20973
0.73376  0.00528  0.17478  1.93874  0.21463
0.76097  0.00557  0.18203  2.02461  0.22965
0.78818  0.00595  0.19369  2.12137  0.25003
0.81539  0.00632  0.20911  2.35425  0.28576
0.8426  0.00669  0.23061  2.85048  0.33296
0.86981  0.00658  0.23212  3.19629  0.342
0.89702  0.0064  0.23112  3.07679  0.32609
0.92424  0.0066  0.25089  2.92604  0.33794
0.95145  0.00687  0.27949  2.9349  0.37463
0.97866  0.00709  0.30869  2.98761  0.41097
1.00587  0.00746  0.3487  3.09653  0.45143
1.03308  0.00757  0.38515  3.08725  0.47593
1.06029  0.00686  0.38831  2.72888  0.44045
1.0875  0.00607  0.40993  2.36236  0.38361
1.11472  0.00574  0.48652  2.22087  0.34999
1.14193  0.00579  0.56374  2.16792  0.33966
1.16914  0.00604  0.61274  2.10188  0.33773
1.19635  0.00613  0.63036  1.97033  0.32646
1.22356  0.00581  0.59256  1.75153  0.2996
1.25077  0.00529  0.53877  1.55086  0.27114
1.27798  0.00486  0.52725  1.44517  0.2536
1.3052  0.00478  0.56281  1.42893  0.25289
1.33241  0.00523  0.57503  1.41  0.26371
1.35962  0.00612  0.53689  1.34813  0.27964
1.38683  0.00719  0.54856  1.35814  0.31159
1.41404  0.00797  0.71808  1.54537  0.36523
1.44125  0.00803  0.8921  1.70934  0.40293
1.46846  0.0077  0.80997  1.55283  0.3865
1.49567  0.00752  0.6573  1.31856  0.35983
1.52289  0.00767  0.58588  1.20756  0.35576
1.5501  0.00795  0.53776  1.14132  0.35781
1.57731  0.00819  0.48639  1.07253  0.35544
1.60452  0.00834  0.43985  1.00663  0.35014
1.63173  0.00839  0.40365  0.94857  0.34279
1.65894  0.00843  0.3775  0.90326  0.33617
1.68616  0.00877  0.36252  0.88614  0.33876
1.71337  0.0092  0.35261  0.87945  0.34457
1.74058  0.00918  0.33903  0.84637  0.33842
1.76779  0.00898  0.32623  0.80738  0.32777
1.795  0.00884  0.31481  0.77429  0.31879
1.82221  0.00872  0.30177  0.74046  0.31137
1.84942  0.00876  0.29214  0.72353  0.30968
1.87663  0.0088  0.28411  0.71477  0.30957
1.90385  0.00834  0.26655  0.67095  0.29514
1.93106  0.00736  0.23841  0.58788  0.2649
1.95827  0.0063  0.20899  0.49784  0.2319
1.98548  0.00556  0.18722  0.43125  0.20841
2.01269  0.00524  0.17453  0.39518  0.19807
2.0399  0.00521  0.16752  0.37884  0.19661
2.06711  0.00538  0.16494  0.37547  0.2017
2.09433  0.00581  0.1691  0.38786  0.21651
2.12154  0.00606  0.17208  0.38988  0.22598
2.14875  0.00564  0.16163  0.35145  0.21043
2.17596  0.00523  0.14932  0.3151  0.19409
2.20317  0.00535  0.14531  0.30766  0.19384
2.23038  0.00683  0.16491  0.35636  0.22826
2.25759  0.01196  0.24685  0.54562  0.35151
2.2848  0.01646  0.31808  0.71418  0.46083
2.31202  0.01319  0.25631  0.5984  0.38599
2.33923  0.0098  0.18738  0.50719  0.31866
2.36644  0.01132  0.20495  0.65087  0.40181
2.39365  0.01314  0.23264  0.77623  0.48317
2.42086  0.01117  0.19202  0.63091  0.39504
2.44807  0.00754  0.14009  0.39071  0.2616
2.47529  0.00513  0.1134  0.25024  0.19754
2.5025  0.00411  0.09565  0.1977  0.17626
2.52971  0.00394  0.08291  0.188  0.17291
2.55692  0.00419  0.07538  0.19394  0.17569
2.58413  0.00434  0.06975  0.19079  0.16893
2.61134  0.00457  0.06764  0.18799  0.16168
2.63855  0.00502  0.06957  0.19413  0.16132
2.66577  0.00522  0.07194  0.19134  0.15613
2.69298  0.00557  0.08015  0.19017  0.15385
2.72019  0.00651  0.09883  0.20652  0.16615
2.7474  0.00768  0.12035  0.23614  0.18928
2.77461  0.00869  0.13673  0.27039  0.21509
2.80182  0.00924  0.14708  0.29956  0.23845
2.82903  0.0091  0.15138  0.30981  0.25184
2.85625  0.00824  0.14712  0.29436  0.24701
2.88346  0.00756  0.14577  0.28252  0.24218
2.91067  0.00773  0.15919  0.29503  0.25536
2.93788  0.00842  0.1776  0.31232  0.27532
2.96509  0.01  0.19576  0.32144  0.29643
2.9923  0.0116  0.20357  0.31692  0.30421
3.01951  0.01073  0.17127  0.28166  0.26491
3.04673  0.00933  0.13428  0.24852  0.22266
3.07394  0.00886  0.11514  0.2352  0.20271
3.10115  0.00873  0.10303  0.22905  0.19043
3.12836  0.00856  0.09319  0.22099  0.179
3.15557  0.0083  0.08537  0.21042  0.16891
3.18278  0.00808  0.07943  0.20164  0.16213
3.20999  0.00794  0.07501  0.19785  0.16231
3.2372  0.00789  0.07317  0.20208  0.17613
3.26442  0.00803  0.07273  0.20967  0.19098
3.29163  0.00876  0.07343  0.21827  0.18989
3.31884  0.00997  0.07809  0.23278  0.18856
3.34605  0.01028  0.07956  0.23264  0.17999
3.37326  0.00997  0.07934  0.22284  0.16273
3.40047  0.00997  0.0824  0.22172  0.15147
3.42769  0.01014  0.08714  0.22743  0.15045
3.4549  0.00997  0.08974  0.22884  0.15289
3.48211  0.00959  0.0886  0.22256  0.15392
3.50932  0.00962  0.0858  0.21585  0.15489
3.53653  0.01024  0.08421  0.214  0.15794
3.56374  0.01113  0.08379  0.21342  0.1612
3.59095  0.01189  0.08491  0.21581  0.16587
3.61816  0.01264  0.08831  0.22499  0.17214
3.64538  0.01356  0.09289  0.23888  0.17357
3.67259  0.01443  0.09684  0.25216  0.16837
3.6998  0.0151  0.09988  0.26209  0.16479
3.72701  0.01531  0.10408  0.27155  0.16657
3.75422  0.01521  0.11065  0.2856  0.17159
3.78143  0.01516  0.11872  0.30971  0.1785
3.80864  0.01518  0.12474  0.33277  0.18253
3.83586  0.01529  0.12611  0.33555  0.17948
3.86307  0.01557  0.12854  0.33399  0.17507
3.89028  0.01522  0.12861  0.33074  0.16589
3.91749  0.01411  0.11781  0.3041  0.14637
3.9447  0.01376  0.10788  0.27988  0.13147
3.97191  0.01452  0.10536  0.28155  0.12657
3.99912  0.01562  0.10741  0.29881  0.12908
4.02633  0.01618  0.10886  0.30653  0.13344
4.05355  0.01545  0.10263  0.29456  0.12843
4.08076  0.01478  0.097  0.28764  0.12232
4.10797  0.01486  0.09555  0.28899  0.12139
4.13518  0.01558  0.09494  0.28881  0.1241
4.16239  0.01717  0.0958  0.28873  0.13132
4.1896  0.01858  0.09729  0.2906  0.13574
4.21681  0.01811  0.09562  0.28676  0.12525
4.24403  0.0178  0.09811  0.29185  0.11309
4.27124  0.01954  0.10775  0.32129  0.10872
4.29845  0.02222  0.11768  0.3649  0.11059
4.32566  0.02494  0.12575  0.40537  0.1249
4.35287  0.02698  0.12495  0.41598  0.1402
4.38008  0.02768  0.12179  0.41365  0.14592
4.40729  0.02795  0.12374  0.42055  0.14857
4.43451  0.02872  0.13075  0.43871  0.15431
4.46172  0.03025  0.14142  0.46521  0.16106
4.48893  0.03128  0.14733  0.47772  0.16076
4.51614  0.0309  0.14241  0.46194  0.15494
4.54335  0.03139  0.13691  0.44147  0.15525
4.57056  0.03385  0.13895  0.43452  0.16559
4.59777  0.03558  0.1408  0.42422  0.17293
4.62499  0.03565  0.13752  0.4055  0.1721
4.6522  0.03594  0.13604  0.40043  0.17031
4.67941  0.03686  0.13943  0.41064  0.17121
4.70662  0.03663  0.1405  0.40635  0.17117
4.73383  0.0345  0.13366  0.37199  0.16504
4.76104  0.03154  0.12571  0.33161  0.15806
4.78825  0.0295  0.12496  0.31266  0.1607
4.81547  0.02894  0.12737  0.30839  0.16888
4.84268  0.02892  0.12518  0.29793  0.16798
4.86989  0.02964  0.11867  0.28164  0.15574
4.8971  0.03074  0.11464  0.27264  0.14739
4.92431  0.02938  0.10994  0.25554  0.14468
4.95152  0.02796  0.10536  0.23672  0.14354
4.97873  0.02853  0.10523  0.22846  0.1439
5.00595  0.03096  0.11291  0.23549  0.15352
5.03316  0.03352  0.12487  0.25153  0.1715
5.06037  0.03364  0.13158  0.25534  0.18034
5.08758  0.03241  0.1319  0.2456  0.17779
5.11479  0.03161  0.12741  0.23263  0.17176
5.142  0.03171  0.12107  0.22285  0.16869
5.16921  0.03241  0.11814  0.21798  0.17367
5.19643  0.03312  0.1186  0.21334  0.18441
5.22364  0.03423  0.11834  0.20887  0.19651
5.25085  0.03514  0.11597  0.20541  0.20608
5.27806  0.03522  0.11348  0.20087  0.21083
5.30527  0.0355  0.1133  0.19814  0.2157
5.33248  0.03567  0.1139  0.19834  0.21676
5.35969  0.03524  0.11413  0.20223  0.21789
5.3869  0.03482  0.11423  0.20781  0.2267
5.41412  0.03418  0.11227  0.20578  0.23472
5.44133  0.03346  0.10983  0.19911  0.23993
5.46854  0.03298  0.10878  0.19368  0.24439
5.49575  0.03349  0.1111  0.19243  0.25172
5.52296  0.03747  0.12187  0.20335  0.27046
5.55017  0.04214  0.1314  0.21808  0.29024
5.57738  0.04199  0.12618  0.21898  0.29247
5.6046  0.04185  0.12163  0.21843  0.28996
5.63181  0.04631  0.13044  0.22964  0.30186
5.65902  0.05413  0.1495  0.24742  0.32102
5.68623  0.06052  0.15915  0.25689  0.32483
5.71344  0.0634  0.14772  0.25444  0.31377
5.74065  0.06405  0.13547  0.24959  0.30243
5.76786  0.06131  0.13099  0.24172  0.29425
5.79507  0.05697  0.12896  0.23433  0.29288
5.82229  0.05481  0.1307  0.24025  0.30777
5.8495  0.05286  0.13183  0.24723  0.32008
5.87671  0.04759  0.1242  0.23243  0.30581
5.90392  0.04309  0.11459  0.21495  0.29476
5.93113  0.04217  0.11025  0.20971  0.30135
5.95834  0.04429  0.10844  0.20856  0.31564
5.98556  0.04618  0.10662  0.20708  0.32699
6.01277  0.04331  0.10074  0.19954  0.31859
6.03998  0.0395  0.09075  0.18431  0.29685
6.06719  0.03807  0.08111  0.16755  0.27698
6.0944  0.03939  0.07687  0.16205  0.27579
6.12161  0.0426  0.07762  0.16826  0.29111
6.14882  0.04572  0.07903  0.17466  0.30387
6.17603  0.04829  0.08001  0.17697  0.30999
6.20325  0.05016  0.08171  0.17724  0.31271
6.23046  0.05163  0.08763  0.18253  0.32416
6.25767  0.05315  0.09826  0.19601  0.35239
6.28488  0.05407  0.10545  0.20588  0.37207
6.31209  0.05393  0.10372  0.20245  0.36502
6.3393  0.0533  0.09679  0.19079  0.33986
6.36652  0.05212  0.08689  0.17525  0.3065
6.39373  0.05087  0.07465  0.15743  0.27361
6.42094  0.05003  0.06532  0.14456  0.25104
6.44815  0.04916  0.06034  0.13868  0.23876
6.47536  0.0493  0.0592  0.13964  0.23758
6.50257  0.05068  0.05982  0.14183  0.23902
6.52978  0.05067  0.05689  0.13435  0.22561
6.557  0.04891  0.05152  0.12373  0.20906
6.58421  0.04811  0.04859  0.1197  0.20433
6.61142  0.04897  0.04837  0.11957  0.20599
6.63863  0.05005  0.04784  0.11771  0.20497
6.66584  0.05043  0.04566  0.11345  0.19892
6.69305  0.05154  0.04284  0.10938  0.19175
6.72026  0.0575  0.04231  0.11015  0.19405
6.74747  0.06684  0.04522  0.11862  0.21367
6.77469  0.07064  0.04831  0.12803  0.23567
6.8019  0.06761  0.04658  0.12602  0.23017
6.82911  0.06197  0.04124  0.11517  0.20321
6.85632  0.05787  0.03681  0.10625  0.18195
6.88353  0.05626  0.03475  0.10177  0.17329
6.91074  0.05717  0.03494  0.1017  0.17515
6.93796  0.06041  0.03726  0.10529  0.18405
6.96517  0.06556  0.0418  0.11194  0.19662
6.99238  0.07262  0.04724  0.12162  0.20713
7.01959  0.08082  0.05171  0.13353  0.21374
7.0468  0.08877  0.05552  0.14492  0.22191
7.07401  0.09381  0.05747  0.14926  0.21787
7.10122  0.09779  0.05879  0.15136  0.21231
7.12843  0.10338  0.06102  0.15699  0.21697
7.15565  0.1115  0.06499  0.16605  0.23001
7.18286  0.12044  0.07016  0.17491  0.24512
7.21007  0.12638  0.07454  0.17904  0.25512
7.23728  0.12706  0.07665  0.17565  0.25549
7.26449  0.1264  0.07837  0.16844  0.24975
7.2917  0.13135  0.08454  0.16747  0.25132
7.31891  0.141  0.09326  0.17227  0.25987
7.34613  0.14846  0.09788  0.17483  0.26428
7.37334  0.15383  0.10023  0.17549  0.26666
7.40055  0.16091  0.10378  0.17588  0.27289
7.42776  0.16641  0.10552  0.17389  0.27587
7.45497  0.16445  0.10131  0.16714  0.26605
7.48218  0.16139  0.09563  0.15999  0.25366
7.50939  0.16123  0.09104  0.15444  0.24329
7.5366  0.16478  0.08857  0.15198  0.23597
7.56382  0.17348  0.08927  0.1537  0.23309
7.59103  0.18738  0.09266  0.15818  0.23537
7.61824  0.1988  0.0945  0.15986  0.23767
7.64545  0.19878  0.09058  0.15603  0.23422
7.67266  0.19049  0.08346  0.14856  0.22656
7.69987  0.18344  0.07739  0.13938  0.21826
7.72709  0.18157  0.07338  0.13223  0.21316
7.7543  0.18519  0.07146  0.12959  0.21362
7.78151  0.19464  0.07175  0.13111  0.21968
7.80872  0.20775  0.07417  0.13628  0.23006
7.83593  0.22225  0.07806  0.14372  0.24304
7.86314  0.24004  0.08142  0.14976  0.2563
7.89035  0.2575  0.08022  0.14981  0.266
7.91756  0.26312  0.07324  0.14119  0.26409
7.94478  0.26013  0.06699  0.13127  0.25361
7.97199  0.26748  0.06585  0.12944  0.25081
7.9992  0.28668  0.06746  0.13344  0.25657
8.02641  0.30663  0.06911  0.13784  0.26351
8.05362  0.31884  0.06958  0.13998  0.26737
8.08083  0.32708  0.06957  0.14083  0.26938
8.10804  0.33886  0.07061  0.14312  0.27309
8.13526  0.3533  0.07253  0.14638  0.27722
8.16247  0.36221  0.07389  0.14641  0.27564
8.18968  0.36409  0.0737  0.14159  0.26553
8.21689  0.36126  0.07089  0.13219  0.24856
8.2441  0.36918  0.06726  0.12457  0.23651
8.27131  0.39404  0.06591  0.1242  0.23458
8.29852  0.42416  0.06734  0.12976  0.24039
8.32574  0.45657  0.07038  0.13918  0.25303
8.35295  0.48786  0.07313  0.14965  0.26692
8.38016  0.50359  0.07416  0.1563  0.27418
8.40737  0.50295  0.07351  0.15676  0.27613
8.43458  0.50531  0.07296  0.1567  0.27903
8.46179  0.51313  0.07215  0.15726  0.27978
8.489  0.51881  0.06974  0.15178  0.27993
8.51622  0.55211  0.07119  0.15267  0.2872
8.54343  0.59339  0.07355  0.15819  0.28661
8.57064  0.59829  0.07039  0.15553  0.27058
8.59785  0.59088  0.06666  0.15107  0.2557
8.62506  0.61128  0.06659  0.15328  0.25564
8.65227  0.64678  0.0674  0.15645  0.26149
8.67948  0.66718  0.06694  0.15346  0.26391
8.7067  0.68158  0.06658  0.14833  0.26732
8.73391  0.70451  0.06613  0.14593  0.26967
8.76112  0.70767  0.06233  0.13899  0.25751
8.78833  0.70816  0.05765  0.12808  0.23847
8.81554  0.72997  0.05558  0.12039  0.22454
8.84275  0.73769  0.05345  0.11382  0.21013
8.86996  0.73344  0.05104  0.10755  0.19777
8.89717  0.83796  0.05729  0.11393  0.20983
8.92439  0.95419  0.06496  0.12218  0.22402
8.9516  0.8576  0.05653  0.10819  0.19968
8.97881  0.72795  0.04529  0.09113  0.17092
9.00602  0.71725  0.04263  0.08634  0.16472
9.03323  0.80293  0.04587  0.08942  0.17593
9.06044  0.95344  0.05225  0.09716  0.19725
9.08766  1.12405  0.05968  0.10898  0.221
9.11487  1.24693  0.06347  0.11848  0.23517
9.14208  1.27381  0.05947  0.11863  0.22906
9.16929  1.2749  0.05378  0.11552  0.21668
9.1965  1.29174  0.05052  0.11353  0.20887
9.22371  1.32904  0.05011  0.11344  0.20739
9.25092  1.41702  0.05284  0.11657  0.21538
9.27813  1.5611  0.05677  0.12073  0.22993
9.30535  1.73436  0.05987  0.12377  0.24336
9.33256  1.93018  0.06118  0.12655  0.2519
9.35977  2.15966  0.06211  0.1309  0.25836
9.38698  2.37347  0.06261  0.13402  0.26069
9.41419  2.52889  0.06127  0.13235  0.25481
9.4414  2.68011  0.05946  0.1289  0.24533
9.46861  2.80775  0.05803  0.1265  0.23211
9.49583  2.86163  0.05786  0.12646  0.21905
9.52304  2.86438  0.05817  0.12654  0.20989
9.55025  2.90891  0.05667  0.12328  0.20195
9.57746  3.06014  0.05311  0.1191  0.19613
9.60467  3.36163  0.05082  0.1195  0.19908
9.63188  3.75722  0.0509  0.12402  0.21065
9.65909  4.10852  0.05158  0.12667  0.22405
9.68631  4.43407  0.05216  0.12508  0.23916
9.71352  4.99045  0.0539  0.12401  0.25641
9.74073  5.84916  0.05619  0.12466  0.27021
9.76794  6.73816  0.05764  0.12497  0.27931
9.79515  7.25893  0.0577  0.12195  0.27873
9.82236  7.59358  0.05736  0.11599  0.27082
9.84957  8.0432  0.05659  0.10963  0.26016
9.87679  8.70478  0.05509  0.10555  0.25287
9.904  9.54916  0.05335  0.10437  0.25019
9.93121  10.18598  0.05204  0.10343  0.2478
9.95842  9.95069  0.05065  0.09904  0.23698
9.98563  9.36737  0.04829  0.09325  0.22104
10.01284  9.47684  0.04683  0.09303  0.21735
10.04005  10.39242  0.04799  0.09846  0.22986
10.06726  11.20383  0.04851  0.09862  0.23422
10.09448  11.43973  0.04857  0.09348  0.22594
10.12169  10.86892  0.04753  0.08678  0.21256
10.1489  10.1149  0.04556  0.08428  0.20935
10.17611  10.15375  0.04559  0.09001  0.22895
10.20332  10.09512  0.04661  0.09437  0.24793
10.23053  9.02238  0.04625  0.0883  0.24147
10.25774  8.06565  0.04647  0.08355  0.2326
10.28496  7.36087  0.04484  0.08274  0.22682
10.31217  6.54326  0.03983  0.08164  0.21674
10.33938  5.9261  0.03592  0.08237  0.20989
10.36659  5.65626  0.03684  0.08641  0.21493
10.3938  5.40954  0.0396  0.08916  0.22175
10.42101  4.76562  0.03806  0.08253  0.2074
10.44823  3.32168  0.02757  0.05886  0.1505
 
FIG. 3: (Color online) The calculated projected density of states
on the Eu 4 f , Ru 4d, Fe 3d, and As 4p orbitals per unit cell of
Eu(Fe0.75Ru0.25)2As2. The Fermi energy is set to zero (black dashed
line).
three-dimensional anisotropic Heisenberg model with consid-
eration of the next-nearest neighboring magnetic exchange
coupling in Eu layers for discussing magnetism in the Eu 4 f
orbitals,
Hˆ = J1
∑
〈i, j〉
~S i~S j + J2
∑
〈〈i, j〉〉
~S i~S j + J⊥
∑
〈i, j〉
~S i~S j, (1)
where ~S is the magnitude of Eu spin. The 〈i, j〉 and 〈〈i, j〉〉
denote the summation over the nearest neighbor and next-
nearest neighbor sites, respectively. The parameters J1 and J2
describe the nearest neighboring and next-nearest neighbor-
ing intralayer exchange interactions, respectively, and J⊥ de-
notes the nearest neighboring interlayer exchange interaction.
From the calculated energy data for various magnetic config-
urations16,29, the magnetic exchange couplings J1 = −4.10
meV, J2 = 0.51 meV, and J⊥ = −0.49 meV were found
for Eu(Fe0.75Ru0.25)2As2, demonstrating the ferromagnetic
ground state is consistent with the results from neutron diffrac-
tion. Comparing with the calculated magnetic exchange cou-
plings of the parent compound EuFe2As212, we note that the
values of magnetic exchange coupling are enhanced by about
five times, which stems from the extended Ru 4d orbitals dop-
ing as expected in the aforementioned discussions. As a re-
sult, a three-dimensional quantum Heisenberg model with a
strong anisotropy and long-range magnetic exchange coupling
is suitable for describing the magnetic behaviours in the fer-
romagnetic superconductor Eu(Fe0.75Ru0.25)2As2.
Quantum Monte Carlo simulations.—Based on the local-
ized strongly anisotropic Heisenberg model, for which the
model Hamiltonian is shown in Eq. (1), we have carried
out a quantum Monte Carlo simulation to evaluate the uni-
versal critical exponent β for the ferromagnetic superconduc-
tor Eu(Fe0.75Ru0.25)2As2. Although the Eu2+ has a large mag-
nitude of spin-7/2, previous model calculations have demon-
strated that the universal critical exponent β is irrelevant to
the magnitude of large spin30,31. It motivates us to alterna-
tively use spin-1/2 for studying the universal critical exponent
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FIG. 4: Log-log plot of size dependences of the magnetization
mc and Binder cumulant dU/dT |c for the strong anisotropic three-
dimensional Heisenberg model of the ferromagnetic superconductor
Eu(Fe0.75Ru0.25)2As2.
for simplicity based on the stochastic series expansion (SSE)
algorithm32.
In the SSE method16,32, the exponential operator in the par-
tition function Z = tr eβ
′Hˆ is taken by a Taylor expansion and
the trace is described by the sum over a complete set of states
in a complete basis, Z =
∑
α
∑∞
n=0
β′n
n! 〈α|(−H)n|α〉, where |α〉
is a randomly selected state and β′ = 1/kBT . kB is the Boltz-
mann constant and T is the temperature. The Hamiltonian is
then rewritten as the summation of a set of operators whose
matrix elements are conveniently obtained. We stochastically
pick configurations from this infinite summation by means of
importance sampling and average over the observable states
|α〉. Due to the presence of weak antiferromagnetic coupling
strength J2 in the anisotropic Heisenberg model in Eq. (1),
it gives rise to the negative weights in the samplings. Fortu-
nately, J2 has one magnitude order smaller than that of J1, the
negative sign problem can be easily overcome by introducing
the absolute value of weight |Wi| in the calculated expectation
value of the observables O,
〈O〉 =
∑
i WiOi∑
i Wi
=
∑
i WiOi/∑i |Wi|∑
i Wi/
∑
i |Wi| =
〈O sgn W〉′
〈sgn W〉′ (2)
where Wi is the weights of the samplings and 〈·〉′ is denoted as
the expectation value measured in these new weights. There-
fore, the expectation value of the observables O and the sign
of the weights are evaluated simultaneously. In the numeri-
cal calculations, the three-dimensional L × L × L sizes with
L ranging from 8 to 14 are performed. We set the number of
bins to 50, where the first 10 are used for reaching the ther-
modynamic balance and the rest are used for measuring the
physical observable quantities. Each bin contains 1000 Monte
Carlo steps16.
The physical observable magnetization m = 〈∑i Sˆ zi 〉 and its
reduced four order Binder cumulant U = 3(1 − 12 〈m
4〉
〈m2〉2 ) for
various system sizes L are evaluated numerically16,33. Here it
should be noted that the Binder cumulant reaches 1 at the para-
magnetic phase whereas it reaches 0 at the ferromagnetic or-
dering phase. Applying the finite size scaling16,33,34, the phys-
ical quantities follow the relations of mL(T ) = L−β/νm¯(L1/ντ)
5and UL(T ) = U¯(L1/ντ) in the vicinity of the critical point of
temperature Tc, where τ = (T − Tc)/Tc and U¯ and m¯ are uni-
versal functions that are independent of the size scale of L.
The parameter ν is also a critical exponent, which describes
the behavior of the correlation length in the vicinity of the
critical temperature. At the critical temperature Tc, the mag-
netization is mc = mL(Tc) = L−β/νm¯(0) = L−β/νm∗, which
is shown in Fig. 4. Considering the slope of Binder culu-
ant dU/dT |c as a function of size L, dU/dT |c = L1/νU¯′(0)16,
shown in Fig. 4, we finally obtain the universal critical ex-
ponent β = 0.386, which is in excellent agreement with the
experimental result of 0.385(13). These results obtained in
the neutron diffraction experiment, the first-principles calcu-
lations, and the model simulations clearly demonstrate that
the critical behavior of Eu magnetism in the ferromagnetic
superconductor Eu(Fe0.75Ru0.25)2As2 belongs to the universal
class of a three-dimensional anisotropic quantum Heisenberg
model with long-range magnetic exchange coupling.
Discussion and Summary.—By systematically combining
the neutron diffraction experiment, the first-principles calcu-
lations, and the quantum Monte Carlo simulations, we have
obtained a perfectly consistent universal critical exponent
value of β = 0.385(13) experimentally and theoretically for
Eu(Fe0.75Ru0.25)2As2. The magnetism in the Eu-based fer-
romagnetic superconductor is thus identified as the universal
class of three-dimensional quantum Heisenberg model with
a strong anisotropy and long-range magnetic exchange cou-
pling. This study not only clarifies the nature of microscopic
magnetic behaviours in the Eu-based ferromagnetic supercon-
ductors, but also theoretically open a new avenue for study-
ing the universal critical behaviors associated with magnetic
phase transitions.
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